Abstract. A nonlinear dynamical system is modelled as a nonlinear mapping from a set of input signals into a corresponding set of output signals. Each signal is specified by a set of real number parameters, but such sets may be uncountably infinite. For numerical simulation of the system each signal must be represented by a finite parameter set and the mapping must be defined by a finite arithmetical process. Nevertheless the numerical simulation should be a good approximation to the mathematical model. We discuss the representation of realistic dynamical systems and establish a stable approximation theorem for numerical simulation of such systems.
Introduction
To construct a mathematical model of a realistic dynamical system it is necessary to formalize definitions of such crucial physical properties as causality, finite memory and stationarity. The philosophy of realistic systems has been considered by many authors including Russell [1] , Paley and Wiener [2] , Foures and Segal [3] , Falb and Freedman [4] , Willems [5] , Gohberg [6] and Sandberg and Xu [7] . We propose a generic topological structure to describe realistic nonlinear systems and extend the methods of Torokhti and Howlett [8] , [9] , [10] to prove stable approximation theorems for numerical simulation of these systems. We define a class of R-operators and prove that an R-continuous operator F can be approximated by an R-continuous operator S constructed from an algebra of elementary functions by a finite arithmetic process. The approximation is stable to small disturbances. Our theorem is a generalization of the Stone-Weierstrass theorem. Theorems of this type were extended to operators on topological vector spaces by Prenter [11] and Bruno [12] . A Stone-Weierstrass theory for approximation of continuous functions by superpositions of a sigmoidal function was given by Cybenko [13] . Daugavet [14] considered nonlinear operator approximation by generalized causal operators. We provide a substantial extension of this work and show that our definition of the R-continuous operator includes the accepted notions of causality [1] - [7] , [14] and other fundamental realistic properties as special cases. Several key results on operator approximation [11] , [12] , [14] also follow from particular applications of our main
R-operators and R-continuous operators.
Definition 2.8. [14] Let X R = (X, A, T, M) and Y R = (Y, B, T, N ) be R-spaces, and let the closed set E ⊆ T × T be an equivalence relation. Let K ⊆ X be a compact set, and let x ∈ K and t ∈ T . The operator F : K → Y is an R-operator
whenever (s, t) ∈ E and v ∈ K. If F : K → Y is an R-operator at M t [x] ∈ A for all x ∈ K and t ∈ T , then we say that F : K → Y is an R-operator.
A dynamical system defined by an R-operator F : K → Y has the following interpretation. For each x ∈ K and t ∈ T the current history N t [F (x)] of the output depends only on the current history M t [x] of the input. For a theory of constructive approximation we require the dependence to be continuous. Definition 2.9. Let X R = (X, A, T, M) and Y R = (Y, B, T, N ) be R-spaces, and let the closed set E ⊆ T × T be an equivalence relation. Let K ⊆ X be compact, and let x ∈ K and t ∈ T . The operator
∈ A for all x ∈ K and t ∈ T , then we say that F is R-continuous.
Proof. Let t ∈ T and s ∈ E t and suppose that {G γ } γ∈Γ is a collection of open sets with 
Hence F is uniformly R-continuous.
Proof.
If not then for some β > 0 there exist neighbourhoods of zero
We suppose, without loss of generality, that there exist u, v ∈ K with u n → u and v n → v as n → ∞ and points r, s, t ∈ T with ρ(r(n), r) → 0, ρ(s(n), s) → 0 and ρ(t(n), t) → 0 as n → ∞. Since (r(n), t(n)) ∈ E and (s(n), t(n)) ∈ E and since E is closed, it follows that (r, t) ∈ E and (s, t) ∈ E. Hence r, s ∈ E t . Choose α > 0 and define
which is a contradiction.
The collection of auxiliary mappings.
To establish a constructive approximation for R-continuous mappings we define a collection of auxiliary mappings.
This is a good definition because
M r [u] = M s [v] ⇒ N r [F (u)] = N s [F (v)] for each r, s ∈ E t and each u, v ∈ K. The mapping f t : M t [K] → B is continuous at each point M s [v] ∈ M t [K] because, for each open neighbourhood of zero H ⊆ B, there is a corresponding open neighbourhood of zero G = G t (v, s, H) = G(v, s, H)∩ M t [K] ⊆ A such that M r [u] − M s [v] ∈ G ⇒ f t (M r [u]) − f t (M s [v]) = N r [F (u)] − N s [F (v)] ∈ H whenever r ∈ E t and u ∈ K. Because M t [K] is compact the mapping f t : M t [K] → B
is uniformly continuous and for each neighbourhood of zero H ⊆ B, there is a neighbourhood of zero
Lemma 2.14 shows that when F : K → Y is continuous the collection {f t } t∈T is uniformly equi-continuous. That is, for each neighbourhood of zero H ⊆ B there is a neighbourhood of zero
Some examples of R-continuous operators. The following theorem of M.
Riesz is used in the examples to justify compactness of the set K.
Note that the output at time t depends only on the input prior to time t. The operator F is uniformly C-continuous if, for all t ∈ T and all u, x ∈ K and for each β > 0, we can find
To show that a uniformly C-continuous operator is a special case of a uniformly R-continuous operator, set A = B = C(T ) and τ = min(s, t) and define
In this notation F is a uniformly C-continuous operator on T if and only if for all t ∈ T , and all u, x ∈ K and for each β > 0, we can find
< β}, which, in turn, is equivalent to saying that F is a uniformly R-continuous operator on T . For a particular instance we note that the operator
e s x(s)ds for each t ∈ T is a uniformly C-continuous operator.
A stationary operator with finite memory. Let
X = L ∞ (R), K = {x | x(t) = 0 for t / ∈ [0, 1
] and |x(s)−x(t)| ≤ |s−t| ∀ s, t ∈ R} ⊆ X and Y = C(R). The operator F : K → Y is a stationary operator with finite memory ∆ > 0 on the time interval
T = [0, 1 + ∆] if, for all u, x ∈ K and all s, t ∈ T , {u(s + r − ∆) = x(t + r − ∆) ∀ r ∈ [0, ∆]} ⇒ {[F (u)](s) = [F (x)](t)}.
The output at time t depends only on the inputs at times s ∈ [t− ∆, t]. We say that F is an S-operator. The operator F is uniformly
To show that a uniformly S-continuous operator is a special case of a uniformly
The operator F is uniformly S-continuous on T if and only if for all u, x ∈ K and all s, t ∈ T and for each β > 0, we can find
< β}, which is equivalent to saying that F is a uniformly R-continuous operator on T . In particular, the mapping
r)dr for each x ∈ X and t ∈ R is a uniformly S-continuous operator. 
The modulus of continuity
Note that ω(0) = 0 and ω(δ) ≤ ω(δ ) whenever δ ≤ δ . We will show that ω is a uniformly continuous function. 
3.1.
The R-modulus of continuity. The R-modulus of continuity will be used to characterize our constructive approximation theorems for R-continuous operators. 
is called the R-modulus of continuity of the operator F . 
Definition 3.4. We say that (X R , Y R ) is a complete R-pair if E = T × T and an incomplete R-pair if
E = T × T .
Proof. Since E t = T for all t ∈ T it follows that M[K]
for each x ∈ K and t ∈ T . Recall from our earlier remarks that the mapping f : M[K] → B is uniformly continuous. The function ω f : R + → R + is the modulus of continuity of f . Lemma 3.2 shows that ω f is uniformly continuous. Since ω f (δ) = ω R (δ) we obtain the desired result.
Lemma 3.6. Let (X R , Y R ) be an incomplete R-pair and suppose that F : K → Y is both continuous and R-continuous. Then the R-modulus of continuity
Proof. Since (X R , Y R ) is an incomplete R-pair we consider the various equivalence classes E t for each t ∈ T . We saw earlier that for each t ∈ T there is an auxiliary mapping f t :
R + → R + be the modulus of continuity for the map f t , and consider the argument used in Lemma 3.2. Define ∆f t :
Choose τ > 0. From our earlier remarks about the uniform equi-continuity of the family of auxiliary mappings {f t } t∈T , we can choose σ = σ(τ ) > 0 such that for all t ∈ T we have ∆f t (p , q )−∆f t (p, q) < τ whenever (p , q ) − (p, q) < σ. Now it is clear from Lemma 3.2 that for all t ∈ T we have 0
Approximation of nonlinear operators on compact sets
We describe briefly the recent work by Torokhti and Howlett [8] . Let X, Y be locally convex topological vector spaces and let K ⊆ X be a compact subset. Let F : K ⊆ X → Y be a continuous map. If F is known only on K, then for some suitable neighbourhood of zero in X the construction of an extended operator S : K + ⊆ X → Y is an important ingredient in the approximation procedure. The extension of the domain allows consideration of a small disturbance in the input signal. Such disturbances are unavoidable in the modelling process. The main result is formulated as follows. Let X, Y be topological vector spaces with the Grothendieck property of approximation 2 and with approximating sequences 
Subject to an appropriate choice of the functions {g k } ∈ G, so that z k provides a sufficiently good approximation to b k , the following stable approximation theorems can be established. 
Proof. The proof of the latter result uses an argument proposed by Daugavet [14] . Since [14] is difficult to obtain, the proof is given in Appendix A.
4.1.
A model for constructive approximation in the class of R-continuous operators. When F is an R-continuous operator we prove the existence of an approximating R-continuous operator S that is stable to small disturbances. The operator S defines a model of the real system and is constructed from an algebra of elementary continuous functions by a process of finite arithmetic. 
Proof. Let t ∈ T and consider the auxiliary mappings f t : M t [K] → B and the associated moduli of continuity ω[f t ] : R + → R + . We recall from Lemmas 2.14 and 3.6 that the families {f t } t∈T and {ω[f t ]} t∈T are each uniformly equi-continuous. Hence, for the given τ > 0, it is possible to choose = (τ ) > 0 so small that
whenever (r, s) ∈ E and u, v ∈ K. Since K and F (K) are both compact, we can use Lemma 4.4 to find γ > 0 so that both a γ-net  {t 1 , . . . , t N } ⊆ T such that whenever t ∈ T we can always find some j = j(t) with t − t j < γ and let {ψ 1 (t), . . . , ψ N (t)}, where ψ j : T → R for each j = 1, 2, . . . , N, be a partition of unity on T such that ψ 1 , . . . , ψ N ∈ C(T ), ψ j (t) ≥ 0 for all t ∈ T , N j=1 ψ j (t) = 1 for all t ∈ T , and ψ j (t) = 0 whenever
) for all u ∈ X and t ∈ T . Now for x ∈ K, u ∈ X with x − u < δ and all t ∈ T we have
We make two observations. Firstly, for ρ(t, t j ) < r we have 
